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This transfer function may be rearranged as

Gljw) = = ] 2

- ..(B.14)
1+o?r? w1+ w*T?%)

From eqn. (8.14) we get

nlj_IgGEjm} = =T — jeo = el — 90°

lin'EG{Jm} =0 —ﬂ} =0£-180°

The general shape of the polar plot of this transfer
function is shown in Fig. 8.8. The plot is asymptotic to the
vertical line passing through the point (-T, 0).

The major advantage of the polar plot lies in stability

study of systems. N. Nyquist (in 1932) related the stability
of a system to the form of these plots. Because of his work,
the polar plots are commonly referred to as Nyquist plots.

=
The general shapes of the polar plots of some

important transfer functions are given in Table 8.1.

From the polar plots of Table 8.1, following observa-
tions are made;

(1) Addition of a nonzero pole to a transfer function

results in further rotation of the polar plot through an angle
of =90° as @ — o,

(it) Addition of a pole at the origin to a transfer

function rotates the polar plot at zero and infinite frequencieg
by a further angle of -90°.

The effect of addition of a zero to a

im
-z70°%
]‘__' T— 0= oa
807 : 5: Re

:

mimraasing':
| o

0 -90°

Fig. 8.8. Polar plot of
Vjl1 + fuT)

: transfer function ; :
portion of the polar plot by 90° in counter-clockwise d?:cﬂh;l“ to rotate the high frequency
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Though the straight line approximations of eqn. (8.17) and (8.19) hold good for @ << 1/7
and @>> UT respectively, with some loss of accuracy these could be extended for frequencie
@ < UT and @ 2 U/T. Therefore the log-magnitude versus log-frequency curve of /(1 + jaT) ca
be approximated by two straight line asymptotes, one a straight line at 0 db for the frequent
range 0 < @ < /T and the other, a straight line with a slope —20 db/decade (or — 6db/octave) fi
the frequency range /T < @ < . The frequency o= UT at which the two asymptotes meet
called the corner frequency or the break frequency. The corner frequency divides the plot in ©
regions, a low frequency region and a high frequency region.

It is important to note that the log-magnitude plot of (1 + jwI)™ shown in Fig. 8.10 is

asymptotic approximation of the actual plot. The actual plot can be obtained from it by apply

correction for the errors introduced by asymptotic approximation.
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7.18.3. Graphs for the Term W:;

The magnitude of the term 1/¢jo)Y in decibel i8 given by
1 : .l":" -;.
20 logy, U_UHF" == 20 N log;o @ ¢

v A75
The phase angle is given by éU?l)H_ ==00N 1%
are shown in Fig. 7.18.2, The graph for 1+

: h
In view of EqS {7.52) and (?53} thE grapns f— 20 N dhfdﬂcﬂdﬂr

magnitude versus log;, @ is a straight line having a slope ©

L

100 n

100 (]

-
N=1
N=2
N=3

Y

Fig. 7.18.2. Bode plot for the term 1/(jo)"-

As the term 1/(jw)" has only imaginary term in the denominator the phase ang
- 90 N°. :

~ Wy 4 ﬂ---Lﬂ Fomns ‘Ln"h-—-fﬁﬁ'n_l_m-—- —_ = i - == —— T —_ _
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7.18.4. Graphs for the Term 1+jo )
The magnitude in decibel for the term (1 + jwT) is given by

20logyy [1+jo T)| =20 logyo V1 + w? T2

Consider following two cases :

(1) oI <« 1 (very low frequencies ), oT is negligible as compared to 1.
20 logyy | (1 +joT)| ~20 log;, 1=0db
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1 (very high frequencies’. 1 is negligible as compared to 0 T
b 20k, [A-ja D = W0lg, v T = logo T
=200Wg, 0= log,, 11 T
(7.55) and (7.56" the graph for case 1! lies o axis, whereas for €as¢
._ slope of 20 dbideca 35‘ -ﬂ._t.ﬂ SO ‘Friwl}:; i:t:-?-r‘::,un 0 db axis at a point
by equating the RHS. of Eq (7.56) to zero.
0= logy, @-2Wlog, 11 D
Wiloge0=Wlog,, (1D, =~ w=(1/D
mmm_mphs intersecton 0 db axisat w=1'T.
Ihlﬂ""h’fw cases (1) and () are shown in Fig. 7.18.3 (a).
e phase angle for the term (1«7l is given by

A7.56)

=

o]
ﬂnmhwﬁ-equenciﬁuTiﬁwﬁ'suiaﬂ
N e=tan’ (@ or ¢=0°
1
DAL o=3
u-—:tan_‘L]l.,-T}:rlan'lll]
=z P I '
il
Soa % R S -
g 3
IX. E L
™ i
1 - . 1 -
Y : 1 10 G %7 T o=l 10 100 © 5
ﬂ“? T
@) (L)

Fig. 7.153 Bode plot for the term (1+jaT
=) At very high frequencies © T is very large
= o=tan * (=)
o e=50°
T graph for phase angle is showp in Fig. 7.18.3 (6).

“185, Graphs for the term a<joh)
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Fig. 7.18.4. Bode plot for the term 1/(1 + juT).
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Fig. 7.18.5. Fxact and asymptotic (approximate) bode plots
- for the terms (1 + jwT) and T jal)
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/G (o) Hjw) == 90° - tan~! (0.6w) - tan~! (0.08 w)
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Fig. 7.18.11. Bode plot for G(s)H(s) = :

s(1+ 0.5s)(1 + 0.08s)
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s-plane q(s)-plane

Qv
v

(a) (b)

Fig. 8.3. An s-plane contour enclosing two zeros of q(s)
and the corresponding q(s)-plane contour.
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Fig. 9.4. Mapping of the s-plane contour which encloses 1 zero and 3 poles.
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Iustrative Example 1. Examine the closed-loop atability of o control system whee
open-loop transfer function is given below :

K

G(s)H (s)= ST+ 1)

Solution. e B

o CuHe s(sT+1)
Put §=jw

0 W K
= T lrrf
G (jw) H (jw) JoGoT+ 1) 1)

. I_{at:lnnalizing Eq. (1) and separating into real and imaginary parts following equation is
obtaine

) A | )
(@7T%+1) 0(@T°+1)

From Eq. (2) it is observed that as w increases from ® =+ 0 to 0=+ = both the real part
and the imaginary part lie in the third quadrant of G(s) H(s)-plane.

At @=+0, £ G (+;0) H (+j0) =- 90° and the magnitude approaches infinity.

gem; + Z;:_’ G (+Jjes) H ( + jes) = ~ 180° and the magnitude approaches zero.

ot as w 1 A e : 7

Wl shown bv:nddm&oﬁn;e: R Ml e do Sw I T BT 110

G (ju) H (ju) =~ Y

Iy
4 Imy
‘bim L e ﬂ
/™
+j0 + s 1\
— 4 {‘\_ W= m‘ Lo
Rea -1+0 s Re
-0 +
o -
s-plane G(s)H(s)-Plane
Fig. 7.6.7. Nyquist plot for G(s)H(s) = ——K—_.
s(sT + 1)

As the system is type 1 the plot is closed from w=—0 to =
(clockwise) with an infinite radius, The arrowheads shown in ;:g_ ;g;‘b;:“:gh an angle of -«

increasing w. in the direction of
As the point (- 1+,j0) is not encircled by the plot, therefore,
N=0
The number of zeros (roots) of the characteristi ion i ” ,
determined by using relation’ Ic equation with positive real part is
N o {Pd- = z+ }
because, P,=0

ok z‘_= 0

Hence, the number of zeros (roots of the characteristics equation) with positive real part

1s nil and the closed-loop system is stable,
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Example 9.9 : Consider a feedback system with an open-loop transfer function
G(s)H(s) = K/s(Ts + 1)
The inverse polar plot of G(s)H(s) corresponding to the s-plane Nyquist contour
Fig. 9.18.a) is obtained in steps below.

F'Yid 1

Gis)Hs)

w=0

ARt

4P

cY

(a)

(b)

Fig. 9.18. The Nyguist contour and the corresponding plot of 1/G(s)H(s) = s(sT « 1VK.

1. The semicircular indent around the origin in the s-plane is represented by

5= Ell'g ®’%; where 0 varies from -90° through 0° to + 907,
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e T e S ’ = |
It is mapped into 1/G(s)H(s)-plane as

18 ja
Eg[aa (e T+n]=lim£r" T

K =0 K
2. Along the joraxis 1/G(jo)H(jo) = jojoT + 1VK,
3. The infinite semicircle in the s-plane represented by
5= ﬁjfm Re’?; 0 varies from + 90° through 0° to —90°
is mapped into the 1/G(s)H(s)-plane as

. Re’®(Re’® + 1) R?
1 EL T
- gl K =pm el

which is a circle of infinite radius with angle varying from 180° through 0° to —180°,

The inverse polar plot of G(s)H(s) obtained from the above steps is shown in Fig. 9.18(b).
It is found that (-1 + j0) point is not encircled by 1/G(s)H(s)-locus. Further since 1/G(s)H(s)
-m+1rxhasnupolnmthenahthalfa-plm. the system is stable.

1—-—1-—-\-- = e TE———— T ——— =

. e il
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7.8. RELATIVE STABILITY FROM NYQUIST PLOT. .

Fig. 7.8.1 shows Nyquist plots for two systems which are stable. As both pless
crossing the negative real axis at same point, the two systems have the same zamm ==r=-
However, the two systems have different phase margin. The system B has more phase ==z
than system A. Therefore, system B is relatively more stable than system A.

Similarly, if two systems have same phase margin but different gain
sy_s_tfgﬁh__gyiﬁg greater gain margin 1s relatively more stable than the system with l=sser =
margin.

—— .

Conditionally stable systems. In the Nyquist plot shown in Fig. 7.8.2 the locz=o= =
the point (- 1+j0) depends on the value of forward path gain K. For smaller range of 2=
point (— 1+ j0) lies between oa, any increase in the value of ¥ beyond this range brinzs ==
point (— 1 +j0) between ab and if, K is further increased then the point (- 1 < j0) lies betwes=
be.

It is given that the open-loop transfer function of the system has the number of poles
with positive real part as nil, therefore, if the point (- 1 +0) lies between og or ¢ the number
of encirclements of the point (—1+/0) b.’f the Nyquist plot are — 2 indicating that &
closed-loop system is unstable. = - ——-

-

e S
| = E
| .
—
—_—
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Fig. 7.8.1. Nyquist plot for two systema ha'u'i._u: same Fig. 7.8.2. Nyquist plot of
gain margin but different phase margin. conditionally stable system.

However, if the point (- 1+j0) lies between ab the point (- 1 +0) is encircled once in
clockwise direction and then once again in the anti-clockwise direction resulting in net
encirclements of the point (- 1+ j0) as nil indicating that the system is stable.

The system discussed above is stable only for a particular range of K any decrease or

increase in the value of K makes the system unstable. Such systems are called conditionally
stable systems. -

: m_mnnepts of gain margin and phase margin are not applicable to conditionally stable

3 8 ] =

- of Y - -_H-\-
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L N=tan¢ Cmrrexn-—y=$ M‘“’““‘E"’ﬁ
- 90° bo 0 0.5
- 60* - 1.732 - 0.289 0.577
- 50° - 1.18 - 0.42 0.656
- 30° - 0.577 0.8686 1.0
-10° -0.176 -2.84 2.88

0® 0 o -
+ 10° I 0.176 2.84 288
+ 30° 0.577 0.866 1.0
+ 50° 0.19 0.42 0.656
+60° 1.732 0.289 0.577
+90° oa 0 0.5
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Fig. 7.12,1, N-circles.
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7.15. NICHOLS CHART

The constant M and constant N circles in G(jw) plane can be used for the analysis and
design of control systems. However the constant M and constant N circles in gair phase plane
i.e. graph having gain in decibel along the ordinate and phase angle along the abscissa are
prepared for system design and analysis as these plots supply information with less
manipulations. The M and N circles of G(jw) in the gain phase plane are transformed into
M and N contours in rectangular co-ordinates. A point on the constant M loci in G(jw) plane
is transferred to the gain phase plane by drawing the vector directed from the origin of
G(jw) plane to the particular point on the M circle and then measuring the length db, angle
in and degree. These values of length and angles are the coordinates of the corresponding
point in the gain phase plane as shown in Fig. 7.15.1 and 7.15.2. The critical point in
G(jw), plane corresponds to the point of zero decibel and — 180° in the gain-phase plane. Plot
of M and N circles in gain phase plane is shown in Fig. 7.15.3 and known as ‘Nichols chart’.

Magnilude in db
[
Aot 5 Gy ' T G(jw) Plane
. M=3
G, :::\Kh """"""" 2 N
__h‘ ‘ ------- - ] -
! "'--¢ *:\\\ f:ﬂl : / \ “"M:‘LE
Gy 1 . R T Lo e, ST
R, G(jw) S R,
=3 "G‘ : e “'3:‘?-__ _¢—Lr$j"' R‘
i =
: Critical point =1 + j0
: 160"
. s o

Fig. 7.15.1. M-circle transformation to Nichols chart. Fig. 7.15.2, M-circles in gain-phase plane,

Scanned with CamScanner

Scanned with CamScanner



[
; _—T

L1
-l

Fig. 7.15.3. Nichols chart.

Constant M and constant N circles in the Nichols chart are deformed into squashed circles
m mpigu_mchah chart extends for the phase angle of G(jw) from 0 t:q_aso‘ but the
mdz(;inlﬂmulgmmj:ld fordanﬂ_lﬁufuyﬂemsinhem - 90° and - 270°. These
curves repea T every erval, - i it o A
ety ey - open-loop transfer function of the unity feedback

Gis)= |G(s)| ¢* = g
and the closed-loop transfer function Sl s
M(s) = —C(68) _
Substituting (s = jw) in 1'.:] )
§ = jw) ¢ above equations the frequency functi
: | unctions are
Gl‘.lﬂ-']' & IG‘(N-IJJI os +j ain 6] CY Iunctions ary
and M(jw) = Me" = 1_0%';}_
i s o +Gjw)
Eliminating G(jw) from above two equations

H-T—’-‘-E@u
G T 3G i T

and émtan~!.__ 8ino

G T —
sanindtion o [GUw) | + con 0

in Nichols chart shown in Fig 7.15.9.
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